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Abstract 

The difficulty of a mathematical task depends on its key features.  Although the constructs 

underlying task difficulty may be similar across topics in K-12 mathematics, actual task features 

generally differ.  The genesis of the Family Group concept was a semantic and syntactic theory 

of mathematical task difficulty. The semantic components (components that affect meaning) 

considered in the theory are underlying concepts, number types, vocabulary, symbols, task types, 

and object types. The syntactic component (component that considers the arrangement of 

elements) is the number of distinct steps needed to solve a problem (the number of sub-tasks). 

The plans and progress of a work group engaged in identifying and quantifying such features is 

described. 
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Family Group Generation Theory ─ Large Scale Implementation 

 

Understanding the constructs that make mathematics items more or less difficult has been 

the subject of ongoing cognitive science research. A review of current research was conducted to 

test various development methods that foster incorporating cognitive aspects of tasks into test 

design. The research informed the development of a process named the Family Group 

Generation process used to identify key features that are likely to affect the difficulty of any 

mathematical task. 

 

Review of Current Research 

Recently developed techniques in assessment design allow test creators to incorporate 

cognitive aspects of domain proficiency and task difficulty at the very start of assessment design. 

For instance, Evidence Centered Design (EDC) provides a framework for increased efficiency in 

test development, especially as technology advances and the face of assessment changes from 

one of fixed-form, multiple-choice items to computer-based simulation tasks. The backbone of 

using ECD to create task models is the triad of claim, evidence, and method. In the design of a 

task model, a claim is stated, the evidence needed to support the claim is identified, and a method 

to assess is created. ECD uses a process that involves five layers to design, implement, and 

deliver assessments: Domain Analysis, Domain Modeling, Conceptual Assessment Framework, 

Assessment Implementation, and Assessment Delivery (Huff, 2013). 

In an ECD primer, Mislevy describes the Domain Analysis layer as the stage in in which 

designers consider aspects that affect the domain such as any applicable cognitive research, 

standards, testing practices, resources, and constraints from many sources that affect the design 

features (Mislevy & Haertel, 2006). In the Domain Modeling layer, subject matter experts and 

assessment engineers together specify what an assessment will measure and how it will do so. In 

the Conceptual Assessment Framework layer, the assessment description is explained in 

language a machine can understand, addressing the specifics of the task features, the 

measurement model employed, the method of scoring, and how the assessment is to be delivered. 

The Assessment Implementation and the Assessment Delivery layers operationalize the 

assessment. The underlying ECD common data structure allows for the reuse of systems such as 

task authoring or item calibration. 
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The creation of task models in ECD comes about in the Conceptual Assessment 

Framework layer and is part of a sequence of models: the Student Model, the Task Model, and 

the Evidence Model. The Student Model outlines the variables that identify what is being 

measured, the Task Model identifies the form used to gather evidence and the key features of 

resources present when taking the test, and the Evidence Model describes the evaluation and 

measurement aspects of the assessment, such as the measurement model employed.  

Similar to the ECD Model, Task Model Grammars (TMG) provide a method for upfront 

analysis of student competencies and task difficulty by an explicit description of the task. The 

description includes the skill or skills needed to solve the task, the types of knowledge typically 

used to test the skill(s), the density of the information provided, the complexity of the task, any 

tools provided to complete the task, and any attributes thought to affect the task difficulty. 

Luecht (2013) states: : “Developing a TMG requires a thoughtful and systematic evaluation of 

the joint declarative and procedural cognitive components that make assessment tasks more or 

less complex—more or less challenging.” He describes the process as a team effort in which 

engineers cognitive scientists, psychometricians and subject matter experts work together to 

develop a new task model. . 

This process begins with the development of construct maps that outline expectations of 

performance but also place these expectations in order based on procedural knowledge and skills 

or cognition levels. Such construct mapping documents describe how the claims about skills and 

proficiencies are ordered and what evidence needs to be observed to make those claims (Luecht, 

2008). The next step is to specify task model maps that outline the specifications for a family of 

items in terms of skills, procedural knowledge, and other components that affect task complexity. 

The task model map also locates the task relative to other task models.   

From the task model map, task models can be created using detailed TMGs. Luecht gives 

an example of a TMG for an arithmetic reasoning test in which there are five components 

defined: skills, variables used in the problems, properties of the values assigned to the variables, 

factors of distractor design, and the verbal load of the problem context (Luecht, 2013). From the 

TMG, different templates for task models can be created and used to generate items. 

 

Family Group Generation Procedure 
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MetaMetrics’ research goal of developing a procedure for analyzing and subsequently 

generating mathematical tasks with a predicted difficulty in the Quantile metric produced the 

construct of a Family Group, a group of task families with similar key features of varying levels. 

The limitations and merits of both the ECD and the TMG approaches to task modeling were 

considered in developing the Family Group construct.  

The final goal of the Family Group Generation process is to produce mathematics items 

of predicted difficulty not only for research purposes, but also for use by partner companies. 

Because of the fact that the end user’s needs are not totally identified and can change with each 

new partner, the Family Group Generation process must be able to produce items flexibly and 

quickly to meet a variety of immediate needs. This requirement meant that the ECD approach to 

task modeling could not be applied. Partner companies may have preconceived domain models 

or task types in mind and performing the steps of the five layers of the EDC process would not 

apply, most notably the Domain Modeling stage of subject matter experts and assessment 

engineers specifying what the assessment will measure and how it will be measured.  

The Family Group Generation process operationalized the semantic and syntactic 

elements of task difficulty using a map similar to the TMG approach. However, the concept map 

upon which the Family Group process was based described generic rather than specific 

components considered to affect mathematical item difficulty. These generic components were 

then modeled with an exemplar mathematical skill from each of the six strands of mathematics 

(Number Sense; Numerical Operations; Algebra and Algebraic Thinking; Geometry; 

Measurement; Data Analysis, Statistics, and Probability) to test the applicability of the process. 

The concept map was then transformed into a tool that delineated the variables to be considered. 

In the Conceptual Assessment Framework layer of EDC, the Student Model outlines the 

variables that identify what is being measured and the Task Model identifies the form used to 

gather evidence. By using the Quantile Framework to model the student face, developing the 

Family Group process considers both of these components in identifying the variables and task 

types that affect the difficulty of mathematical tasks.  

The idea utilized in the TMG approach of ordering the task models relative to other task 

models in terms of the task complexity is also utilized in the Family Group Generation process. 

That process is informed by the student model used to develop The Quantile® Framework for 

Mathematics, which enhanced the ability to describe mathematical task difficulty (Sanford-
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Moore, 2009). The Quantile Framework is a taxonomy of mathematical skills and concepts along 

a continuum of development and so have an inherent order similar to that used in the TMG 

approach that has been empirically verified. Because the starting point for defining the Family 

Groups is considering how the particular Family Group related to the 549 skills and concepts in 

the Quantile Framework, the Family Groups inherit the ordering of task difficulty developed in 

the Quantile Framework.  

 

Family Group Construct Theory 

The genesis of the Family Group concept was a semantic and syntactic theory of 

mathematical task difficulty. The semantic components (components that affect meaning) 

considered in the theory are underlying concepts, number types, vocabulary, symbols, task types, 

and object types. The syntactic component (component that considers the arrangement of 

elements) is the number of distinct steps needed to solve a problem (the number of sub-tasks). 

An example of the semantic and syntactic components for the skill of finding the area of a figure 

is shown in Figure 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1: Concept Map for Finding the Area of a Figure 



7 
 

NCME 2015, Document1 
 

 

 

The Quantile Framework for Mathematics 

In order to develop a mathematical continuum of difficulty, first a structure needed to be 

established. One such continuum is the Quantile Framework for Mathematics, a model for 

student difficulty organized around two principles—(1) mathematics and mathematical ability 

are developmental in nature and (2) mathematics is a specific domain of knowledge and skills. 

The development of the Quantile Framework for Mathematics included the development 

of a taxonomy of mathematical skills and concepts spanning the developmental continuum from 

Kindergarten content through Algebra I, Geometry, and Algebra II content as well as the 

gathering of validity evidence supporting the new framework. The development of the taxonomy 

included thee review of the most important content frameworks of the day—namely the National 

Council of Teachers of Mathematics, the National Assessment of Educational Progress (2005), 

the North Carolina Standard Course of Study (2003), the California Mathematics Framework and 
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state assessment blueprints (2002), the Florida Sunshine State Standards, the Illinois Learning 

Standard for Mathematics (2002), and the Texas Essential Knowledge and Skills (2002).  The 

review resulted in the development of a list of Quantile Skills and Concepts (QSCs).  

In 2004, two national field studies were conducted -- one with a sample of nearly 10,000 

students and another with a sample of nearly 25,000 students.  Items written for each QSC and 

empirical difficulties calculated form the student results showed the expected progression of 

difficulty from one grade to the next (MetaMetrics, Inc., 2001).  

QSCs are associated with Knowledge Clusters. A Knowledge Cluster has four parts, the 

Focus QSC under consideration, Prerequisite QSCs (skills needed before learning the Focus 

QSC with lower Quantile measures), Impending QSCs (skills to which students would advance 

after learning the Focus QSC with higher Quantile measures) and Supporting QSCs (skills 

related to the Focus QSC but which are not in a direct vertical alignment). Knowledge clusters 

show the developmental progression from less difficult to more difficult skills in the Quantile 

Framework. 

 

Method for Generating Family Groups 

The method used in the large scale implementation of the Family Group Generation 

Theory includes the first step of vertically aligning all 549 QSCs based on the progression of 

skills in their existing Knowledge Clusters. To do this, mathematical skills and concepts were 

grouped by considering their common underlying mathematical principles. These grouped 

mathematical skills and concepts were defined as a “bucket.” An example of a bucket would be 

“Area” (see Table 1). To ensure internal consistency, all QSCs in each bucket shared a common 

mathematical strand in the Quantile Framework. 
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Table 1.  Area Bucket 

 

 

After defining the buckets, the QSCs within each bucket were arranged in order of 

increasing difficulty according to their Quantile measure. Additionally, the progression of 

difficulty of QSCs was confirmed by aligning them with the Common Core State Standards and 

the state standards of Texas, Virginia, and Minnesota.  

Mathematical tasks for QSCs in a bucket share key features, but have distinct differences 

that separate them into different Family Groups. To select key features that may affect the 

difficulty for tasks for a particular QSC, the theoretical framework of the semantic and the 

syntactic components were considered. Each QSC in the category is analyzed by a team of 

curriculum experts using MetaMetrics’ and other current research to identify how the theory-

based features may vary.  

The descriptions of the QSCs and their Quantile measure informed the choices of the 

semantic elements in the way of concepts, number types (including constraints), vocabulary, 

symbols, task types, object types, and the syntactic components such as number of sub-tasks that 
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could affect mathematical difficulty for each QSC in the bucket. A brief description of each 

variable considered follows.  

Number Types: Types of numbers are the number systems used with a particular 

mathematical skill or concept. To illustrate, for the QSC “Calculate the areas of triangles, 

parallelograms, trapezoids, circles, and composite figures in number and word problems,” the 

number system is defined as rational numbers. Constraints were the limits placed on the types of 

numbers either because of the Quantile measure of the QSC or because of the standard and the 

grade level in which the mathematical skill or concept is normally used. For example, the 

numbers used to assess the QSC “Calculate the areas of triangles, parallelograms, trapezoids, 

circles, and composite figures in number and word problems” are constrained to positive 

numbers. Also, a constraint was set that limited the result of any test item associated with the 

QSC to a number less than 1,000,000. 

Vocabulary: Considerations of vocabulary included the words that students may see in 

lessons and test items addressing a particular QSC. Specifically, for the QSC “Calculate the areas 

of triangles, parallelograms, trapezoids, circles, and composite figures in number and word 

problems,” the vocabulary included: area, composite figure, grid, non-overlapping regions, unit 

square, pi, radius, diameter, formula, rectangle, square, triangle, parallelogram, trapezoid, circle, 

length, and width.  

Symbols: Symbols included letters, group of letters, characters, or pictures used instead of 

a word or group of words. All possible, but appropriate, symbols based on the QSC and the grade 

level were considered. For instance, for the QSC “Calculate the areas of triangles, 

parallelograms, trapezoids, circles, and composite figures in number and word problems” the 

symbols listed were abbreviations for square units, multiplication signs, addition signs, and equal 

signs.  

Task Types: Task types are the different ways in which an assessment task can be 

presented to the student.  For example, the QSC “Calculate the areas of triangles, parallelograms, 

trapezoids, circles, and composite figures in number and word problems,” could alternatively be 

presented as a verbal problem, a word problem with a grid, a word problem with a drawing, or as 

a word problem in which an area is given with a missing dimension.  

Objects: Objects considered are any graphical representation of a mathematical concept. 

Once again, returning to the QSC “Calculate the areas of triangles, parallelograms, trapezoids, 
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circles, and composite figures in number and word problems,” the appropriate objects included 

non-coordinate grids, models, drawings, and coordinate grids.  

Finally, any special cases of QSC assessment situations that impose special restrictions 

were considered.  

The next step in the process was an additional examination of the bucket analysis with a 

team of psychometricians and subject matter experts. Other features known to affect 

mathematical item difficulty were added to the analysis at this time. The final version of the 

analysis was then used to create a list of all possible combinations of the variables present in the 

analysis. The list was culled for cases that were not logical. Examples of each task were than 

created with instantiations of the key variables from the cases that were retained. The final step 

in the process was to meet with the engineering team to set the constraints on each variable and 

prepare the examples to be engineered to produce items via the Math Item Generator (MIG). 

 

Conclusion 

The goal of developing a strong theory-based specification for mathematical task 

difficulty is that the results of large-scale implementations of this process can inform 

mathematics task difficulty and may lead to improved assessment item generation. Large field 

studies to calculate item difficulties may no longer be required for assessments with auto-

generated items based on researched features. This detailed construct specification saves time 

and money and can result in increased client satisfaction.   
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